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office hour : 13 : 30 - 15: 30 2210 Monday



Deal numbers .

Intervals and Inductions

counting numbers : natural numbers. 31 - 2 - 3 .

%.. -- ]↑
NEE

40 .1 12
.

.... )↳integers
> is in lowest terms : gadmins - 1

Q [Im , nareintegers,

nto] eg..2EQ 2 :F -E = + ....rational numbers

irrational numbers I

Poore that I is irrational :

gadaminsProof: Assume that E= Lm . nto) in its lowest term

zn= m2 = m is an even number -> m is even number => m andn Shore a factor 2" A contradiction !E is irrationalI
denote m by 2kck2] = crEm 2nE4-rck => His even - his even

Decimal expansions : a number is rational if and only if its decimal expansion is a repeating sor terminating) block ofdigits

ef . * = 0 -5000--

0. 50

5 = 0 . 333-- - = 0 . 3

Properties of Real numbers

The set of IR is a complete ordered field

Field properties
:

1 Associativity of +/

2 Distributivity

3. Identity element

4. Reverse element----A

Completeness Property :

A field is complete if any non-empty set bounded from above has a least upper boundsupremumsT . This means the Real line does not have gaps orholes.

Intervals
LikTS

An "interval" is a subset of the real line that contains at least two numbers and contains all the real numbers lying between any two of its elements

· Open interval : Contains neither end point
: Half-open interval: Contains only one endpoint.

[aib) = (Max <b) .; La ,
b] =Exacxzb](ab) = [Maxb) .

· closed interval : Contains both endpoints.

[a. b] = (xla=x =b)



E.g. 13 . 5% is an interval.

R is an interval both open and closed interval

(1 . 3) VIT. 11 . X FEE

& ExStIn EEEEJETEin ?

AREMINAERT SHEA/TID : DENY---

: Ctpq.PEF .T .JiBAT

Absolute value

\xx20IX1 = -X XLo

Geometrig : 141 : distance between X and 0.

latbl = (a) +b)

Solve : 1x315
distance
↑

Solution : find x Sot . dist2X, 31 = 5

win-2

Solve : 124713 .

[ 2!
-3 3

- 3 1223 .

- [2X14 =>1X12.



Functions

Defi

A function from set A to a setBif: A-BI is a rule that assigns to each element in A exactly on element fix of B.

BA X

is not a function ?

· The set A is called the domaincDomf/

· If XEA, fix is the value of fat X

· In the notation y-fixo y is the dependent variable and x is the independent variable y= fix : f take the value at X-

The subset of B of all possible values of f is called the range off := Kanfs
A

Dom= A . RaucfF(l: 2 , 31

ef A: 31900. 190)----205] B=/ fol population of ST in the year X]

ef A: Grp cricks on the plane ? Crupt
B :/ = 0

f (Corp11 = (the circumference of CupizTr

ran (fl = /R > o

ef Let A:R BAR

f: A-B fN froz+ 15 frbcit = 10 DomefiR Kancf[l , +A : /X71)

Floor and ceiling function

Floor function (x) = (the greater integer that is less or equal to x) eg [3 . 22= 3 [1. 21=-2.

Ceiling function [x7 = (the smallest integer that is greater orequalto x) et.
55. 17: 5 F3 -1) = -3

Domain Convention

If a function is given by a formula and the domain is not stated explicitly: the convention(called "The natural domains is that the domain is the set

all the numbers for which the formula makes sense (i. e · produces a real number

· General rules :

· Fi : the denominator cannot be zero . So giv to

· Square revent rootF The argument inside the root must be non-negative, so fix, 20.
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E
.g. fixs : x

L =DomifFEona

E
. g. A force that depends on the distance)
E: jctole DomcfF , xol

f: A-B AER . BER .

graph[cx, y1ER : y= fix) = Ex ,fixdue

ef fix=x+ ) ↑

Line with slope I

graph ofs: ((x+ x+1) = Sex ,
Ess

>

Yx
eg. Let f

! Domcfl = IR/(-51

X
Ran (f) = E-b. +&)

-

-..... ---

↑ flor2.

Graph of functions :

The graph of is a set of ordered pairs :

graph (f)= [Exy) EK : XE Domefs and: fix ?

Vertical line test : A cove in theplane is the graph of a function of X if and only if no vertical line intersects the curve more than once.

H



Def
Piecewise defined function : "TER

it defined by different formula in different part of each domain

E
fix= if=

Yx

I fast 32:9 graph : ....
- X if x4 f(= --y) = 1 -----

E. g. Absolute value function :

m gx if xe

-X if xco

Symmetry(even and odd function

Even function: f is an even function if :

& XED , fix= f+-x)

ef.f - · DoncfFIR

If fix:X" (ne) .

-> fix is even

If f is an even function > the graph off is symmetric with respect to y-axis· (XI fix) , -X, fiN

Odd function : f is an odd function if :

EXED frxs= -fix
ef . fixe
2fi = X with n old-> If is an odd function
If f is an odd function, its graph Is symmetric with respect to the Origin (xifl ,

-x,fr= (-x-fix- (Xfix)

E
.go check if

fixsXX+ xty is even, odd or neither.

fixx(x21

fix = -XPLX11=
-X(x=

11 : - fix .

=> add

Remark : f is odd and even at the same time

fix = fi-x) = - fly => 2 fi =o =f= O for all xz



Def -

We say that a function is an increasing function in an interval [if :

fix <fixl · for X1 . L , XXLEI

We say that a function is a decreasing function on I if :

fixfix , for XX2 , XXEL

A function f is non decreasing if :

fixle fix XXX , XiXzEl

↑

A function f is non increasing if : non-increasing function

fixy) -fix/ <X2 . XXEL
but not a decreasing function

Graph Transformations

shifting a graph

y= fix +C shifts the graph of up sit 201 or downas

- y= fix+C shifts the graph of a units to the left ifcol
·

y= fix-c) Shifts the graph ofa units to the right ifcol

Scaling (Let -11

· y = 6 fix) : Stretches vertically by a factor of L

- y= fix
: Compress vertically

y = fLax : Compress vertically
· y= f(d : Stretches horizontally



Catalogs of Functions

pslope
Linear functions :

y : kx +b - y- intercepts

eg . y= 2x+3 slope=2 , y-intercepts = 3

slope: farfiy
, flos: Koth,

Polynomials : A function Pix is called a polynomial if its oftheform :

Pix= And + AmY"" + - ... GrxtGo ,

where n is a non-negative integer , andGo---an are real numbers called the coefficients of the polynomial
If anto ,

the polynomial is of degreen
A polynomial of degree 1 is a Linear function
Apolynomial of degree 2 is called a quadratic function.

A polynomial of degrees is called a cubic function

Rational functions : fox: B , p . q are polynomials
Where the domain is : Domcfil-(x = Gis =0

Power functions : fix= X
*

his constant

12 fix = X" In is a positive integer/
· If his even -> f is an even function
· If n is odd-> f is an odd function

21 fix =- Root functions
· If m is even . Domix - to, +O) , Rank*

Ito, +O ef fix
*Er

·If n is odd : Dom(X *
/

= R , RantIR ef . fis

Deciprocal Function : f* Doncfl= -Sob · Ranifi/R-503

Algebraic Functions : Algebraic functions are those constructed using algebraic operation ( +. -

- X . =N , etH.

Started from polynomials.
3

ef . fix: Domificat



Measurement of angles in radians :

B
S : the length of the arc

A

LAOB measured in radians of this angle is : E = G radius (AoB)

If v =

S = O FATZT -UG <it= 360 <: /80

Convention :

a N

Conterclockwise

positive angle
> >

clockwise

negative angle

ef N

6
N

f=

=
2 2

L Gar

Trigonometric function :
-

X=X 11 41l
cosinea losi seven fl 2

XI = LOSP cost = 0

since sinc) Loddfl YesinG sinc

Ran (Cossines = E1 , 11 .

Ran (sine1 = E1, 13

Periodicity : Both sino and cos are <Tr-periodic :

COSLXTITH = COSOXY SinXTITH = Sin X

tangenta tanc Sin Dimctans = 1-Sx/cSM =) =P-ENNEL RaustanFR Ladd fl



Trigonometric Identitiess

Pythagorean Theorem: Cosix +sini = 1 , for all xEIR

Cosine Addition:

COSIXIy)
=

cosxsy #sinxsiny
Sine Addition: Sin Xty/= sinxcosy ->

cosxsin

Exponential Functions

Let aco, then
n-timer

n-timer.

fix =a new . a"-aga-- - a
,can ,

an am (mine

is an exponential functions approachE> by rational

If all fis an increasing function. numberLED
-

If ora · f is an decreasing function. am-a

Logarithm in base a

For ato , at1 , and XO. > FREE

logax =

Y < > a= x

Domclaga* = 1920.

Kanclogax = 14

Composition of functions
Let fando be two functions. If the range off is a subset of the domain ofg (RancficDonig11,

the composition

of g and f is the function defined by : gazizt
i

(gof / is =gif EEfINMgEl .
The domain of got is the set of all XEDrnf) Sit · fix EDrugh

eg .

Let fNXt gix. Domigoff ? Goft vo

D ②

Dom(goft : ExIXEDoncf/ Sit · fix belongs to Domagil



 

Bowen Chen

 Analysis 

One-to-one function: (injective function):

A function is called one-to-one function if it never takes on the same value twice,

That is , it satisfies fixstfix Whenever Xitya/fNfIN EXEXL

Horizontal line test
~

fix =fixr of not one-to-one (notinjectives
↳

X

If fix is an increasing (decreasing function) , f is one-to-one
>

eg . Is the function : fixt One-to-one ?

Sor . Let to
. xE Domefi

Assume fix= fix =>X+2 = X2
*

+ = I)"==: = XiX

f is an one-to-one /injective function
Conclusion : If f is one-to-one , for any yeRancfl ,

there exists an Unique x EDomify St.

f(x =

y .

Inverse Function If"1 < LT24E
If f is a one-to-one function with domain A and range B. , the inverse function f + has domain B and range A

Defined by:

fiyl =X If fixiy .

The inverse function satisfies :

fM) =

x for all XeDoucfi
fl

fifiy) =y for all yaRancfI f

& fieATREE f

X fi Y

To
Find An Inverse Function :

is If fix is one-to-one ?

2) Y fix =AA X -- -

yye↓
3) f=

y
...x Yv

S

eg .

Let fN
X DomifFR-3-5) Txy-3x-5-cy

&

-
>

(TX++y= 3x- 5 (7y-3/x=
-5y by definition

-

[xy +27.3x5 If =X= XS .t · fly? Where=fM

exist an unique



Limit of Function

Intuitive Definition

Let f be a function defined on some open interval , except possibly at a .
We

say that the limit of a function fas X

approaches a equals 1 and we write

Lim fIN-
g

X X X

" 7 (
a l 7 (a) 7

~ ~
X

#ETREa . FARE B*NaYUYE

If we can make the values of fly arbitrarily close to L by restricting X to be sufficiently close to a

con either side) but not equal to a . Sometimes we will write fix- as x+ a .L

Formal Definition

TheLimit of function fix as x approaches a is L
, written as

emfix

If , for every number Ezo, cepsilon, which measures closeness on the y-axist,
there exists a number Go delta, which measures

closeness on X-axis) S.t -

I OGI-al8 ,
then / fix-Lc3 (ECETE, YELETETI

2.%
. fix finfix-
i

X

5
gla fing =5 A

--O

2-- U -

I &
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e.

g. Consider fin= timfx = -

-

If XE3 . -
fNE - = Xt ·

e. g. Let consider

fN-SinCE) DoncfFR-Sol

timf
Sol

Xn= CHEN (1 , 21 5 ....
->o)approaches 0 from rights

En = 2 ChEN) 95 ,
5 , 5,... -oh sapproaches 0 from right

Compute
fin =sin = SincuTy =0 · forF

- 1 =Sinc : sintT] = 100-111 form is evens+ for his odd !

When

Xn-o fixul = 0

& -> fixs : El

*XWG-TXOA-fIxAT. A fINTRYETEN f = sinEx50 F
-

E

Limit Laws *T:YBAEFRIR !!!

* fix= c =coust . Simc = c

< B fix = X linta
exists.

Assume fix and gix : LimfiL Ling numbera

exists

①himfixtgx = himfx +big = L. . tim providedg.
& timcf = clim =c & Cm[I = IfIL
② timfix-gix =EimfN][ing =I & tim= 4 If his even , we must have timo

C . Let pi be polynomial
him py = pal

finfix-gix finfx-lingu timcftgix-himfoxtimga

eg . PIN3x+x +). Ex-x=32a timpress =Emm+ +t
AJ

tim(x= timcfix= climfix timx = a EmU



E
.g. Forch, S

tim vi him-
U

him fix="if tim po Paya

E
. g . Em E = we cannot use the quotient law climtim ,

where timgetos

Ifx =x+ )

D. If fi= giv , when exa.

timfingE , eg . fix-g x-11

Eg.
(For DI

tim
If Xo ·

fN=

X+4 - 3
= X-X=H2 " E =gxX

Emfix= timg

Comparison Law

Let fix andgi be two functions defined on an open interval that contains a. except possibly at a.

Assume that fix =go for any x near a. sexcept possibly at al , and that the limits of fandg exists as x-a

Then :

Emfxfingly

v Expansion
Sandwich Theorem

Assume that in an interval I that contains a sit. :BEAset Ixtat, Xcl

gN = fixhix forall in 2, maybe not ata. AEXCA .
CXL+*

Also assume that EEE gIxEfINChIx
↓

Ling = L=Ml / /frangian .
ListJUNER.timgxhLimX+c

+1

Then : *ByA Not himfixt fir ,
It

timf hex EXT .
* 3- 52x# W

erg . gN=fix hIt . *If,

~ Enf
#NingLimhx=L LIT>

a
g(x) Dy tim fix-



Eg. since

Ifx to

Since 1

-* ESin

fin = fimc- =0
Sandwich theorem >imSin D = o

Xo XEO *>p
.

↑TRELA XARYANA,ARE,LETTETE

Precise Definition of a Limit

Precise Definition of a Finite Limit

The limit of a function fix as X approaches a is L . written as emfixL,

If for every number so · there exisits a number do . Set

1forx-ak &
, then IfIx46S

eg. Prove 4
take St IfIN-411S ↑ ifand only if

iff ly-41< E-sItN+14 --o

Ifix-41 < S

| + 1 -414

1*-31 E
-a) Tx- 6) <22-> a

We choose that= 22
, s .

t.

0156) 22= - B

|fix-41 =1 -31 = 21x-6/2 · 26= S

*FUL

E. g. Prove : timex+

If-11 < E Given 20 C=minimum c 1. / <choose smaller one

1 x= bx+f) = (x - 6x+8) = 15 x2xx-4)/ Let X . Sit.

Assume that G ***TLT.A 042 < a ↳
Co < /x-ak 5) ↑X-xIATAL FRIE. ↑

OCH-2< 1 f(x -11 = 1 x-21-4131x2123.:S
↓

144-4123. this proce tim
If(x+x) -> (f(x + 1 = ((x-21x

-4)(= (x211x-41231452



Side limits Continuity

E. g. Y

I
fix= Get if x20

fix,to

>
00
(x ,

- /

>X

-X If Xo

limfitLif = Limf does not exist

One-Sided Limits

Definition : We say that the "Left-hand limit" of fix as x approaches gisC, and we write

tim

If we can make the values of fix, arbitrarily close to L by taking x to be sufficiently close to a and

Xca
. (T- e· from the left)

Definition : We say that the "right-hand limit" of fix as x approaches gisC, and we write

lim =1
sat

If we can make the values of fix, arbitrarily close to L by taking x to be sufficiently close to a and

xsa
. (i. e· from the right /

In the previous example , by definition , Limex-o ,hi

E. g. fN Cleft-limitimfox = 3
, right-limitsAirfix =

Sol . If xco . Ifso

fix== fi===X

Nim fix = lim- tinfix = timx = o

Xoot X0
+

Relationship to Two-Sided Limit

Letfbe a function defined in an interval that contains abutpossibly not at a 1 . Then we have

timfix=L L >im fix = timfiy = L

Aa ↓ Xte Xat

1) timfly exists 2hi
↓ ↓

FREE #



Precise Definition of Sided-Limits-

Right-Limit : Let f defined in an interval 19.31 . The "right-hand limit" :

timfox =L
Xtat

if any
500 · there exists 50

.
s .t -

Ifx-L1 <3 Whenever Xz La , at2 S (
↓ a ata b

0x
-as

Left-limit : Let f defined in an interval , c , all Y
4+

3/
timfx =L

↳Xa ExIf for any
310 . 183o.

TIfI-4 < 2 if Xt (a- 5
, a)

↓

oax a

E
. g. Given fixt
tim fixt

Let If(x-21 : Hi-1122
iff ↓

iff
142 <

If
↑ 22 =EGXLE

↓we want non-negative number to prove
OXXE right-hand limit

we can take 6 :5

Ifox-11= Hin1F1k/ = S

Thus . Aim it

A Special Trigonometric Limit

* tim
Proof: Strategy: 1) Lim

2)Lis
oX in radians,o Y Section of the diskAB

M
g Area <DisklTIr
-> tanx pr=

A Area LoBTW=
-f I

3
X

Triangle zoAB(small one) StoABaSection < Soc=. 1 - Sinx <St . 1 . tanx

(by graphy
- I coArbig one



Then, for any
occe => Sinx, cos0

St/. "sinx
↓

I

gM cos Six hu Sandwich theorem
fix

SinceSimcos= tim-
#ot

Thus. Fir = Limgm=We have soled Seli
Since Sinc . X are odd function
Thus. is even function.

Thus. timtim

E
.g. tim SincI

- limi
Limit Law Sl

=Limi
Since --0 => 4X->o

Let 4x= 6 .

L

#limimSxY= 1

/- cost timfix= 1 fin=
0 tim=

E. g.t 7 "I"AYI
-COSX Hl0sX

=AX HX
-him -tim=h mplationa&

Continuity
A function is continuous if its graph has no breaks , jumps , or holes. Formally :

Definition : A function is "continuous" ata if

Sinfal

Remark : This definition requires that the following three conditions hold

↓ fas is defined ci. e . a is in the domain of fl

2. emfits exists (i
. e . the left-hand and right-hand limits are equalo

3. The limit value must equal the function value : Emfix= fal

E
. g. fix- I is continuous at X=0·

& OE Dom If & fix= 10to & f is continuous at 20

e limM) = tim-X
=0

. Cim
= hix =0=%.

X-30



E.g. Prove that fix:x= 1 is continuous at 20

Poof : 1) Domifl =I , OEDomifi
3

2) timeimi = timm =-I
O+e +> fix is continuous at20

X-0- xtot

3) flor -1 = himf

fx G ↑
N ↑

·
E

O

a &
a

&
a

&

·

O

(a) Ib (2)

Some discontinuous functionn.

Discontinuity
Definition : A functionsf is "discontinuous at a"cor has a "discontinuity" at al if it is not continuous at a.

Namely , this happens if one or more of the three conditions above fair.

Case 1 : f is not defined at x= a.
e.g. f and h above

↓
Case 2 timfyfla = removable discontinuity (This discontinuity can beremoved " be redefining fla to be equal to Lif,a

Case 3 Enfor does not exist > Jump Discontinuity (The function =

jumps" from one value to an other atalT.
e .Effe

e.g . gox above-

Case 4 Infinite Discontinuity : This occurs when one or both of the one-sided limits is 000-0-

limfitO orf

This type of discontinuity corresponds to a "Vertical Asymptote" at x= a.

Case 5 Oscillating Discontinuity : This occurs if the limit does not exist due to the function values oscillating
infinitely many times between two or more values asX approaches a

E. go fix= Sint atFor



Continuity From theRight and Left

Definitions A function f is "continuous from the right at X= a " if :

himfix-fall

A function f is "continuous from the left ata "if :

Ai fixi faa

Remark: A function is continuous at a it is continuous from both right and left at a

E. g .

↑
go

fiv to ifxzo
& >

Y X0 ·

· limfy does not exist , f is not continuous at 20.

· fix is left-continuous at t0 - !

froso . Crifixio
· fix is not right continuous at 10 ·

Crinf : If

E. g. Let (x) be the floor function

yu
Lx) is not continuous at any integer

2 - Let z an integer
& ↓- tim=

- 2 - O
-X

tim=b
does not exist at any intera

Lx] is not left-continuous at any integer !

· (x] is right-continuous at any
XER1

E. go fixeNO
is not continuous at any point1 ↓

Continuity on an Interval.

Definition: A function f is continuous on an interval if it is continuous at any number in the interval.

f is continuous on Ecab, if f is continuous at any X-cabl

fis continuous on I=[a. b] if 1) f is continuous onsab ,

2 If is right-continuous at a.

f is left-continuous at b.



Eg. Prove that fixs 1-2 is continuous on E1, 12

↓) XEL-1)Affor is continuous on
D

2) tinfo :fillf is right continuous. at l ② -f is continuous on [41]

tim =Ex : ful fis left continuous aton

Continuity Theorems.

Theorem: If f andg
are continuous at a. and C is constant , then the following functions are also continuous at a:

1) (figIN

Proof: Since· fog are continuous at a.

Thus .
Effor , tinggial (by the definition of continuity of

↑
laws of Limit

himfigox=Lining-fastgalfgls

4 Cf
3)(f· g) (x)

4) I ex1 · provided that glasto
51 fix , and

Corollaries :

1) PixAnx"+ AmX""+
- -- Go La polynomial) is continuous 2 +5

2) fix= a rational function of is continuous in its domain (Namely Go
E. g. fix-I is not continuous on IP. However

,
it's continuous on its DomiflIP-9o]

3) cosix) and sinix/ are continuous at Xo
.

Proof: We have to prove Cimcosx= cox

X= ZTXo , where z= xiXo

↓ ↓
Xp O

xo.
Sinxo , ciso-cost . AnfixF CimfX

I. = EEEUXO
tim cosx

= Simcos(ztX) = SimIcSzcosXO-Sizzsinx] : Simcoscoxo-Sizsix = cost-sisin =c
*XO z-8 z78 z75

Similar to Sinfil

Theorem : Let f be defined on an interval 1 . Also, assume that fis a one-to-one function cinjective function) and continuous int

Then :

fl is also continuous Try to prove



E. g . 1) tan = Sin C =I

tarix) = arctanox = /P =-2 is continuous

2) fixrluxtEx is continuous
.

Domcfl = /R>o · =
In
↑ -I

Theorem : Iff is continuous at b and him glx=b ,Then X- 9

Ot H
Cimfigix = fls

GH-> b ix'= b) + fis contin

↓

figh = fib

E. g .
Find BInE ⑪

in] When x2o. lim
=x =② In is continuous function

atx= 1
· In is continuous function ,

lim In(x (1)

X-ot

Theorem : If f is continuous at glas and g is continuous at a then.

fog is continuous at a LEGSE

E. g. Is fix= tar (rx+ cosixs / Continuous ?

&250 ; LOS IX is continuous·
↓ ↓ => ExtCOSX , is continuous.

Continuous cosys is Continuous
<polynomial

And tan" is continuous . 2/ tan is defined incl. 2
. Injective 3 . continuous-> tant is continuous

↓

fix is continuous

Intermediate Value Theorem

Lett be a continuous function defined on an interval [arb1, Let N be a number between fel andflbl.

Then , there exists cEland] S. t · fra= N -RATAETA f10 . fri5=2 , continuous on an
/

fial ,=--

3 ·

opening Interval (1. 21 · floo > 2-1 ful
But there is no Xo . St · fix = 2 . /

N g ↓ 2
Is

2

counterexample if the interval is open.

a C ya

f takes on all values in between flas and flb,


